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The concept of light amplification in a system of zero-index metamaterial with gain inserts is studied. We demonstrate that the radiation from a point source embedded in the system can be effectively amplified and the net gain is independent of the positions of gain inserts and the source. We further investigate how the net gain grows with the imaginary part of the inserts' permittivities and find that it saturates when the imaginary part is sufficiently large. It is also shown that the efficiency of amplification is significantly reduced when lossy inserts are introduced into the system. During the past decade, the artificially structured materials, commonly known as metamaterials, [1] [2] [3] have drawn extensive attention. Metamaterials allow the material properties to be tailored beyond natural limitations by cleverly designing the "meta-atoms" to create electric and/or magnetic resonances that respond to the incident electromagnetic radiation. 4, 5 Using the technique of metamaterials, in principle, it is possible to obtain a material with arbitrarily values of the permittivity and permeability. [6] [7] [8] [9] [10] [11] [12] For instance, a kind of metamaterials with zero effective refractive index have been explored both theoretically and experimentally owing to their fantastic electromagnetic characters and applications. [13] [14] [15] In 2002, Enoch et al. 16 proposed such zero-index metamaterials (ZIMs) could be used to modify the emission of an embedded source. Later, Silveirinha and Engheta 17 theoretically predicted that a very narrow channel filled with ZIMs can realize energy squeezing and tunneling of the electromagnetic waves, which was finally experimentally demonstrated by Edwards et al. 18 and Liu et al. 19 By properly controlling the defects inside a ZIM, Nguyen et al. 20 and Xu and Chen 21 investigated the transition from total transmission to total reflection when an electromagnetic wave is propagating through a ZIM. Most recently, Chen et al. 22 experimentally realized the combination of spatial waves emitted from multiple sources inside a ZIM.
Likewise, recent research interest on loss compensation and field enhancement with active media has seen considerable growth. [23] [24] [25] [26] [27] However, constructing a feasible gainassisted loss compensation scheme is always a complicated task. Typically, in such a scheme, the active medium has to be pumped by an external source and the system needs to be precisely configured in order to make sure the active medium experiences the highest local field. Poor configuration of the active media will result in low net gain or even attenuation of the radiation. 26, 28 Such precise configuration requirements always lead to practical difficulties and thus it is preferred to deploy a loss compensation scheme whose performance is insensitive to the exact location of the active media. In this Letter, we present a method to compensate losses or amplify the light in a system composed of ZIM and gain inserts. Specifically, we show that radiation emanating from a source embedded inside the ZIM could be enhanced effectively. An advantage of such system is that the field enhancement is independent of the positions of both the gain inserts and the point source. We further discuss the factors influencing the amplification ratio provided by the ZIM with gain inserts. Our results can, therefore, provide a more flexible approach to design the gain-assisted amplification devices. Figure 1 shows the schematic of the system discussed in this Letter to amplify the electromagnetic wave radiated by a point source embedded in the ZIM with gain inserts. The circle shaded by light blue (region 1) represents the ZIM with the permittivity e 1 ¼ 0 and the permeability l 1 ¼ 0, and the dark blue circles (region 2) are filled with the gain medium (e 2 ¼ e 0 2 À ie 00 2 and l 2 ¼ 1) whose permittivity has a negative imaginary part. The whole system is surrounded by air (region 3), the permittivity and permeability of which are e 3 ¼ l 3 ¼ 1. A perfectly matched layer (PML) is placed in the outermost shell (shaded by grey), so as to ensure that no reflection occurs from the outer boundary. Note that the number of gain particles and point sources in our system can be arbitrary. For the sake of simplicity, only two gain particles and one point source are shown in Fig. 1 .
We assumed that a transverse-magnetic (TM) wave is radiated by the point source atr 0 ,Hðr; #; zÞ ¼ẑHðr; #Þe Àixt , whereẑ is the unit polarization vector and x is the angular (2012) frequency. We will omit the time variation e Àixt for convenience. The electromagnetic wave in each region follows the Maxwell equation:
where the integer j signifies each region and e j and l j are the permittivity and permeability of each region, respectively. Since region 1 is occupied by a medium with e 1 ðxÞ ¼ l 1 ðxÞ ¼ 0, circulation of the magnetic field r ÂH 1 must vanish in order to keep the electric field finite inside there.
Noting that a TM wave,H 1 has only one nonzero component along the z axis, which thus has to be constant to satisfy the zero circulation requirement in the entire region of ZIM.
Owing to the origin of this result straight from Maxwell's equations, this result holds true for arbitrary geometry of the inner boundary of the zero-index region, which is determined by the number of gain inserts and their positions. Similarly, for different number and positions of the sources,H 1 must be constant inside the ZIM region. 13, 14, 22 Another characteristic of the ZIM is associated with the Snell's law of refraction between two media, n 1 sin # 1 ¼ n 3 sin # 3 . If medium 1 has index n 1 ¼ 0 and n 3 6 ¼ 0 for medium 3, then no matter what the incident angle # 1 is, the refraction angle # 3 will be zero, implying that the transmitted wave should be perpendicular to the interface between the two media. In our case, the outer boundary of the ZIM region is a cylinder of radius r 1 , so that the transmitted wavefront of the wave propagating outside the ZIM will be also cylindrical. Application of the Ampére circuital theorem gives the electric and magnetic fields in the air (jrj > r 1 ) to beH 3 ðr; #; zÞ ¼ẑðr 1 =jrjÞjH 1 je ik 0 jr j ; (2a) E 3 ðr; #; zÞ ¼#ðk 0 =xe 0 Þðr 1 =jrjÞjH 1 je ik 0 jr j :
These expressions clearly show that the electromagnetic field outside the ZIM region has the form of the field irradiated by a point source located in free space at the origin of the coordinate system ðr 0 ¼ 0Þ. The only difference is introduced by the modulus ofH 1 , which describes the extent of the fields' amplification. In the following, we will demonstrate numerically that although the value ofH 1 is determined by the interaction between the gain inserts and the radiation of the point source, it is independent of the positions of both the gain inserts and point source. Thereafter, we investigate the factors influencing the amplification ratio provided in the setup.
The numerical simulations were performed by the commercial software COMSOL MULTIPHYSICS (version 4.2), which is based on the full-wave finite-element method. Throughout this Letter, we choose the free-space wavelength of the electromagnetic source to be 1.55 lm, and the radii of the circles for ZIM and gain media to be r 1 ¼ 10 lm and r 2 ¼ 3 lm. According to the scale invariance of the Maxwell's equations, the results of numerical simulations can be interpreted to hold at any optical wavelength. In order to avoid a singularity in the calculations, a quasi-ZIM with e 1 ¼ l 1 ¼ 0:0001 is used. We employ a cylindrical radiation source with sufficient small radius ðr s ¼ 0:5 lmÞ to mimic a line source. This treatment allows us to precisely control the output power of the source, whose magnetic field amplitude is set equal to unity throughout this Letter. Since magnetic field is uniform inside the ZIM, it is necessary to prevent the source from touching the ZIM. Otherwise, the modulus of H 1 will not depend on whether the gain inserts are present or not. For this reason, the source in our simulations is assumed to be embedded into a small cylindrical void of radius r h ¼ 1 lm filled with air (see the magnifying insert in Fig. 1) .
We first provide an example in which only a single gain insert is present, as shown in Figs. 2(a) and 2(b) . The active medium with e 2 ¼ 2 À 0:1i and l 2 ¼ 1 is used in both cases. In accordance with the previous results, 13,14 magnetic field attains a constant value inside the ZIM in each case. Comparing Figs. 2(a) and 2(b) , one may conclude that, although the positions of gain inserts and point sources are different in the two cases, the magnetic field distributions outside the ZIM circles ðr > r 1 Þ are identical. This result implies that the total amplification experienced by a wave in the ZIM region is independent of the configuration of gain insert and source. A similar conclusion may be drawn when multiple gain inserts are introduced. In Figs. 2(c) and 2(d), we introduce two active particles (one with e 2a ¼ 2 À 0:1i and the other with e 2b ¼ 2 À 0:5i, and l 2 ¼ 1 for both particles) into different places of each ZIM circle. As can be seen, the same field patterns are found outside the regions filled with ZIM ðr > r 1 Þ.
To make a better comparison of the above performance, we plot the amplitudes of magnetic fields along the circle r ¼ 12 lm for the four geometric arrangements shown in Figs. 2 and 3 clearly show that the positions of both gain inserts and the point source have little effect on the amplification of the electromagnetic field by the system of ZIM with gain inserts. We would like to note that the validity of this conclusion is critically dependant on the constitutive parameters of the quasi-ZIM. For the case according to Fig.  2(a) , if we use a quasi-ZIM with e 1 ¼ l 1 ¼ 0:01, the jHj at r ¼ 12 lm is no longer constant. It is seen in Fig. 3 that the magnetic field is the strongest along the direction connecting the source and the gain insert, which implies the amplification in this case is dependent on the positions of the source and the gain insert. Finally, we investigate how the gain medium affects the amplification in our system. We first analyze the scenarios with one and two gain inserts inside the ZIM (squares and circles in Fig. 4) . In both cases, the permittivities and permeabilities of the active medium are e 2 ¼ 2 À ie 00 2 and l 2 ¼ 1. The gain particles are embedded in the circles with the same radius of 3 lm. Figure 4 shows how the amplification ratios vary with different values of e 00 2 , where the reference jH ref j is the amplitude of the magnetic field in the absence of inserts. All the fields are monitored at the circle r ¼ 12 lm. In both case, the amplification is seen to grow with e 00 2 and be larger in the system with two inserts. When e 00 2 < 0:2, the amplification is almost linear with e 00 2 . However, an interesting feature is that when e 00 2 > 0:3, the amplification ratio tend to saturate. This feature is mainly due to the impedance mismatch between the ZIM and the gain medium, so that the gain medium does not fully interact with the incident wave. As a result, if compared with the case that the source is embedded in the center of the gain medium, the efficiency of the field amplification in the two cases is somewhat lower. Nevertheless, the amplification ratio is still considered high, and this ratio can be even higher if more gain inserts (or inserts of larger sizes) are introduced.
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We further analyze the joint effects of lossy and gain inserts inside the ZIM. For example, a system with one lossy insert and one gain insert is investigated. We choose the permittivity of the lossy medium to be a constant, and the permittivity of the active medium to be e 2 ¼ 2 À ie 00 2 , where e 00 2 varies from 0 to 0.5 (both media are nonmagnetic). The triangles and stars in Fig. 4 show the ratios of the magnetic field amplitudes for lossy inserts with permittivities of 2 þ 0.2 i and 2 þ 0.1 i, respectively. For both cases, the ratios are seen to grow with e 00 2 and be significantly reduced compared to the system that is free of absorption. Similar saturation is found when e 00 2 is increasing. For the case that the lossy insert with permittivity 2 þ 0.2 i is introduced, the amplitude ratio trend to 1 for e 00 2 > 0:3. In other words, no net gain occurs even for the gain of the active medium being much larger than the loss of the passive medium. The result in Fig. 4 allows one to control the radiation of a line source by different stimulations of the active medium (i.e., by changing the value of e 00 2 ). However, one should pay special care to prevent this system from lossy medium, since it may significantly drop the efficiency of amplification.
In conclusion, we have proposed and numerically studied the amplification of light in a system composed of ZIM and gain inserts. Our results show that the electromagnetic radiation from a point source embedded inside such a system could be effectively amplified. The field enhancement was demonstrated to be independent on the positions of both the gain inserts and the source. We further investigated how the amplification ratio grows and saturates with the imaginary part of active inserts' permittivities. It was also found that the amplification ratio is significantly reduced even if a small loss is introduced into the system. The results in this Letter can, therefore, offer great flexibility in the design of gainassisted amplification devices. 
